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Abstract
The aim of this paper is to use correspondence between solutions in the c = 1 ma-
trix model collective field theory and coupled dilaton-gravity to a massless scalar field.
First, we obtain the incoming and outgoing fluctuations for the time-dependent back-
grounds with the lightlike and spacelike boundaries. In the case of spacelike boundaries,
we have done here for the first time. Then by using the leg-pole transformations we
find corresponding tachyon field in two dimensional string theory for lightlikes and
spacelikes boundary.
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Dilaton-Gravity; Tachyon.
1 Introduction
String theory in low space-time dimensions is an exactly solvable theory. Indeed a theory
with 1 ≤ D ≤ 2 is a toy model for solving many problems which haven’t exact solutions in
higher dimensions. However, the string theory in two dimension [1, 2, 3] has more physics
than other models. On the other hand, matrix model [4, 5, 6] is a powerful mathematical
tools to solve many problems of two dimensional string theory. For example, by using the
matrix model one can obtain the simple linear equation of motion, while the string theory
yields to the non-linear equation. We would like to consider the 2D string theory from the
c = 1 matrix model [7, 8, 9].
As we know there are D − 2 transverse degrees of freedom for any string. Therefore in two
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dimensional string theory there are no transverse degrees of freedom, and only degree of
freedom for the on-shell field in this theory is the massless bosonic field T (t, φ), which called
the massless tachyon. We must note the graviton and dilaton in two dimensional target
space haven’t the on-shell degrees of freedom and they are not physical particles.
Since the string coupling is an exponential function of space coordinate φ, then strings are
free at the φ = −∞ and there are no interactions between them, but they strongly coupled
to each other at φ = ∞. On the other hand, existence of a cosmological constant term,
proportional to eφ, prevents the creation of large positive terms of the φ in path integral.
In the other word there are a wall which strings (massless bosons or tachyon fields) can’t
pass from it and scattered after the striking to this wall. This wall often called Liouville
or tachyonic wall. One can consider such a system via the matrix quantum mechanics. In-
deed, the matrix model is a dual description of two dimensional string theory. The matrix
with large size is used in the matrix model. For the N × N matrix there are N pair of
the (xi, yi) eigenvalues which distribute continuously on the two dimensional surface at the
N →∞ limit. This surface give some information about particles density. Behavior of this
system is similar to the fermionic system, therefore one can interpret the matrix model as
a free fermionic system. Since the 1
N
factor is proportional to Plank’s constant, h¯, then
the N →∞ limit is corresponding to the classical limit. In that case according to Liouville
theorem, particles in phase space move similar to an incompressible fluid which known as the
Fermi sea. This fermionic representation give the microscopic description of two dimensional
string theory, while the macroscopic description is Das-Jevicki collective field theory [10].
Das-Jevicki collective field theory includes all of the string interactions in two dimensions.
The matrix model description of two dimensional string theory is an example of gauge/gravity
correspondence, so the gauge theory lives on the boundary of space-time in the gravity the-
ory. Here we have the matrix quantum mechanics as a gauge theory which at the N → ∞
limit lives in one dimension (time). On the other hand we have Liouville string theory as
a gravity theory which lives in two dimensional target space-time. In Ref. [11] such a cor-
respondence considered, where exact solutions of the c = 1 matrix model collective field
theory and coupled dilaton-gravity to a massless scalar field (tachyon field) have written and
the relation between scalar field at the lightlike boundary of space-time in both theory have
shown. Also they considered an simple example of the time-dependent background with the
lightlike boundary. In mentioed Ref. Karczmarek and Wang have pointed the future work
with the spacelike boundaries. So, we take the motivation and progress from their paper.
Our goal in this paper is to consider other time-dependent backgrounds, in particular the
backgrounds with the spacelike bounaries, and obtain the incoming and outgoing fluctua-
tions. Then by using above correspondence and the leg-pole transformations we will find
tachyon fields. For this reason we will consider several time-dependent backgrounds with
the lightlike and spacelike boundaries [12, 13, 14, 15, 16], and by using the same method of
Ref. [11] will obtain ratio of the outgoing to the incoming tachyon fields.
In the section 2 we review the correspondence between the c = 1 matrix model and coupled
dilaton-gravity to the massless scalar field and also consider the leg-pole transformations
which is relation between the tachyon fields in the string theory and fluctuations in the
collective field theory [11]. Then in the section 3 we consider solutions with the lightlike
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boundaries, so after calculation of fluctuations we can obtain the tachyon fields. In the sec-
tion 4 we consider the solutions with the spacelike boundaries and similar to the section 3
try to specify the tachyon fields. Finally in the section 5 some conclusions and discussions
are given.
2 Relation Between The Matrix Model and 2D String
Theory
In the first part of this section, we have brief review to the c = 1 matrix model and Liouville
string theory of coupled dilaton-gravity to the massless scalar field [11], then in the second
part, we describe relation between two theories.
As we know the c = 1 matrix quantum mechanics describes a system of free fermion with
the harmonic oscillator potential. Eigenvalues of the matrix form discrete surfaces in two
dimensional phase space which called the Fermi sea. Boundary of the Fermi sea specified
by p±(x, t) which satisfy the condition p+(xl, t) = p−(xl, t), where xl is the most left point
of the Fermi sea. Also p± are called the left and right chiral components. Local density of
fermions is given by difference between p+ and p−. Static Fermi surface with the constant
energy E = µ have an equation as (p − x)(p + x) = 2µ, where µ must be negative to have
left and right branches without interaction. We note here that any fluctuations along the
static background is given by η field. So fluctuations come from infinity to finite x and again
come back to the infinity. In that case under assumption µ > 0 we have [11],
p(x, t) =
√
x2 − 2µ+ 2√pi∂xη. (1)
So for large negative x and fluctuation field η one can write, x =
√
2µ cosh σ ≈
√
µ
2
e−σ and
∂ση ≈ |x|∂xη, respectively. Therefore, for given any time-dependent solution one can write
the corresponding solution in form of equation (1) to obtain η as an incoming fluctuation
ηin. Then outgoing fluctuation given by the following relation [11],
ηout = ηin −
√
pi
µ
(ηin
′)2 +
2pi
3µ2
(∂ − 1)(ηin′)3 +O((ηin)4). (2)
We are going to relate collective field theory η to the tachyon field in string theory. Indeed,
by using results of Ref. [11], we would like to obtain the tachyon fields for several lightlike
and spacelike backgrounds. In the coupled dilaton-gravity to a massless scalar field there
are three fields as dilaton, graviton and tachyon. In this theory, we must note that, tachyon
is the massless and therefore isn’t real tachyon.
At the zero-order there is linear dilaton background φ0, so by definition x
± = t±x, we have
φ0 = x
+−x− = 2x. Usually, such a background absorbs to the tachyon field T by definition
of the new field S = e−φ0T . One can expand S in higher order as S = S(1)+S(2)+S(3)+ . . ..
Relations between the tachyon field S in two dimensional string theory and the fluctuation
field η in the collective field theory are given by the leg-pole transformation [11],
Sin(x
−) = −
∫
dvK(v − x−)ηin(v),
3
ηin(σ
−) = −
∫
dvK(σ− − v)Sin(v),
Sout(x
+) =
∫
dvK(x+ − v + ln µ
2
)ηout(v),
ηout(σ
−) =
∫
dvK(v − σ− + ln µ
2
)Sout(v), (3)
where x± = t ± x and σ± = t ± σ are the lightcone coordinates in the string theory and
collective field theory respectively. K is a propagator which their integrals are in terms of
delta function [11]. The term of ln µ
2
in relation (3) specifies position of Liouville wall. At
the µ → 0 limit, Liouville wall is in depth of strong coupling region, in that case one can
neglect many scattering from the tachyon background.
By using the relation (2) and putting ηout order by order in the leg-pole transformation (3)
and find S(1), S(2) and ... separately, one can obtain the tachyonic field S. In two next
sections we will consider the lightlike and space like solutions, and try to obtain the tachyon
field.
Before end of this section we would like to write General time-dependent Fermi surface which
have a following equation [14, 16],
x2 − p2 + λ−e−rt(x+ p)r + λ+ert(x− p)r + λ−λ+(x2 − p2)r−1 = 2µ, (4)
where r is a non-negative integer, so r = 1, 2 is corresponding to the classical solution of
collective field theory and λ± are finite constant parameters. We will consider some special
case of equation (4). Already the r = 1 solutions in Ref.s [11, 12, 17, 18, 19, 20] and r = 2
solutions in Ref [14] are discussed.
3 Solutions With The Lightlike Boundaries
In this section we consider three time-dependent solutions of the Fermi surface and try to
obtain corresponding tachyon field in two dimensional string theory. We follow similar to
Ref. [11] to obtain the incoming and outgoing fluctuations η and tachyon field S. The
simplest case of time-dependent background is given by [11],
(x+ p+ λet)(x− p) = 2µ, (5)
which is corresponding to the the equation (4) with r = 1, λ− = 0 and λ+ = λ. Here,
λ and µ are the positive constant. Equation (5) represents a moving hyperbola which its
center is at (x, p) = (λet, λet). By choosing a parameter as −∞ < σ < ∞, we can write
x =
√
2µ cosh σ − λ
2
et and p =
√
2µ sinh σ − λ
2
et as solutions of the equation (5). For the
large negative σ we have x−p≫ 1, so one can write x−p ≈ 2x. Then for the large negative
x one can rewrite the equation (5) as a following,
p ≈
√
x2 − 2µ− λet. (6)
In the equation (6), we separate static and dynamics parts of the equation (5), so for the
large negative x at t = 0 we have x =
√
µ
2
e−σ as expected. In order to obtain the incoming
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fluctuation field we compare the equation (6) with the equation (1) and find the following
equation,
ηin ≈ λ
2
√
µ
2pi
et−σ. (7)
Then by using the equation (2) one can obtain outgoing fluctuation field as,
ηout ≈ 1
2
√
pi
[
λ
√
µ
2
et−σ − λ
2
4
e2(t− σ) + λ
3
3
√
2
µ
e3(t− σ)
]
. (8)
From the relation (7) it is clear that for the incoming fluctuations we have ηin ∼ et−σ,
then by using the leg-pole transformation (3) we can obtain the incoming tachyon field as
Sin ∼ et−x. With the similar way one can obtain the outgoing tachyon field for several order
as S
(n)
out ∼ (µ2 )nen(t+x), with n = 1, 2, 3, .... Therefor in the first order, we can find the ratio
of the outgoing to the incoming tachyon fields as a following,
Sout
Sin
∼ µe2x = µeφ0. (9)
It tell us that the ratio of the outgoing to the incoming tachyon fields is proportional to
inverse of the string coupling.
Second case we consider in this section already introduced in [12, 17]. We use from the
following equation of the Fermi surface and will obtain the tachyon field. One can write
the time-dependent Fermi surface with the lightlike boundary which represents a moving
hyperbola as,
(x+ p+ 2λ−e
−tx+ p
x− p + 2λ+e
t)(x− p) = 2µ, (10)
where λ± is arbitrary non-negative constant. The center of hyperbola (10) placed at (x, p) =
(−λ+et − λ−e−t,−λ+et − λ−e−t). Equation (10) is corresponding to the general equation
(4) with r = 1 and infinitesimal λ±, so one can neglect the second order of λ±. Here, there
are some special cases, for example the solutions with λ− = 0 and λ+ =
λ
2
, are the same as
solutions of equation (5).
We would like to consider other special case with λ+ = λ− = λ. In that case at the t = 0
filled part of Fermi sea is centered at (x, p) = (−2λ, 0). After the time revolution, fermions
(tachyon fields) coming from x = −∞ to the finite point x = −2λ−√2µ, then coming back
to x = −∞. Similar to previous case and under assumption of very small λ, one can rewrite
the equation (10) as,
p ≈
√
x2 − 2µ− 2λet − µλ
x2
e−t. (11)
Then by comparing the equations (1) and (11), the incoming fluctuation field will obtained
as a following,
ηin ≈ λ
√
µ
2pi
(et−σ + e−(t+σ)), (12)
and by using the equation (2) one can obtain the outgoing fluctuation field as,
ηout ≈ 1√
pi
[
λ
√
µ
2
(et−σ + e−(t+σ))− λ
2
2
(et−σ + e−(t+σ))2 − λ
3
3
√
2
µ
(et−σ + e−(t+σ))3
]
. (13)
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Now to calculate tachyon field we use from the leg-pole transformations (3). For incoming
and outgoing tachyon field we find that Sin ∼ e−x(et + e−t) = 2e−x cosh t, and S(n)out ∼
µenx(et + e−t)n = 2nµenx coshn t, respectively. Therefore in the first order we find that the
ratio of the outgoing to the incoming tachyon fields is proportional to inverse of the string
coupling. We must note that our result for the tachyon field is agree with results of Ref.
[12]. We must note that in the higher order of the outgoing tachyon field the ratio of the
outgoing to the incoming tachyon fields is depend to the space-time coordinates.
Finally we consider the other interesting solution which satisfy the equation of motion. It
will be written as,
(x+ p+ 2λ−
(x+ p)2
x− p + 2λ+e
t)(x− p) = 2µ. (14)
Just like to previous case we assume that λ+ = λ− = λ and then for large x − p one can
obtain,
p ≈
√
x2 − 2µ− 2λet. (15)
So the incoming fluctuation obtained as the following relation,
ηin ≈ λ
√
µ
2pi
(et−σ). (16)
Again similar to previous case one can write the outgoing fluctuation and then by using
the leg-pole transformation (3) obtain the corresponding tachyon fields. After all one can
obtain the ratio of outgoing to incoming tachyon fields proportional to inverse of the string
coupling.
Sout
Sin
∼ µeφ0, (17)
which is similar to the equation (9), therefore solution (14) behave as first case of this section
given by the equation (5).
In the next section we will consider solutions with the spacelike boundaries.
4 Solutions With The Spacelike Boundaries
Our main goal of this paper is to consider the Fermi surface with the spacelike boundary
[14, 15]. In this section we consider three cases of such solutions and will try to obtain
corresponding tachyon field in two dimensional string theory.
The first case is a time-dependent Fermi surface with the spacelike boundary as a following
[14],
(x+ p− e2t(x− p))(x− p) = 2µ, (18)
which is corresponding to the equation (4) with r = 2, λ− = 0 and λ+ = −1. The equation
(18) represents a closed hyperbola. If we set λ = et(p − x) in the equations (5) we will
arrive to the equation (18). Also we can see now the equivalence relation with the explicit
calculation. For the large negative x one can rewrite the equation (18) as,
p ≈
√
x2 − 2µ+ 2|x|e2t. (19)
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As before, we compare it with the equation (1), so, for the incoming fluctuation field we find
the following expression,
ηin ≈ µ
2
√
pi
e2(t−σ), (20)
and the outgoing fluctuation field easily obtained as,
ηout ≈ µ
4
√
pi
[
e2(t−σ) − e4(t−σ) − 3e6(t−σ)
]
. (21)
From the equation (20) we see the incoming fluctuation field obtained as ηin ∼ e2(t−σ),
therefore by using the relations (3) it is clear that Sin ∼ e2(t−x). The outgoing tachyon field
for any order is obtained as S
(n)
out ∼ (µ2 )2ne2n(t+x). In the first order we see that the ratio of
the outgoing to the incoming tachyon fields is proportional to inverse of the squared string
coupling.
Sout
Sin
∼ µ2e2φ0 . (22)
Already, we use from x ∼ cosh σ, but it is valid at the x→ −∞ limit only. Generally, there
are Alexandrov coordinates transformations as,
x =
√
2µ
cosh σ√
1− e2τ ≈
√
µ
2
e−σ√
1− e2τ ,
t = τ − 1
2
ln(1− e2τ ), (23)
which at the τ → −∞ limit reduce to x = √2µ cosh σ and t→ −∞, as expected. In terms
of coordinates (23), the incoming fluctuation field obtained as,
ηin ≈ µ
4
√
pi
e2(τ−σ)
(1− e2τ )2 . (24)
The equation (24) reduces to the equation (20) at the τ → −∞ limit, where t = τ . In
that case to obtain the outgoing fluctuation field ηout from the relation (24) we note that all
derivative in the equation (2) are in terms of σ, and σ-dependent term in (24) is as before
[equation (20)]. Therefore after calculation of the incoming and outgoing tachyon fields we
will have similar solution with the equation (22).
The second time-dependent fermi surface with the spacelike boundary which represents an
open hyperbola is given by [14],
(x+ p+ e2t(x− p))(x− p) = 2µ, (25)
which is corresponding to r = 2, λ− = 0 and λ+ = 1 in general solution (4). Static solution
of the equation (25) is obtained at the t → −∞ limit. Here we will find the same solution
as previous case [see equations (20), (21) and (22)]. But in here, Alexsandrov coordinates
is different with the first case [14]. By using the equation (25) one can obtain the incoming
fluctuation field in terms of Alexsandrov coordinates as,
ηin ≈ µ
4
√
pi
e−2(τ+σ)
(1− e−2τ )2 , (26)
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which at the τ → −∞ limit, where t = −τ , reduces to the expected relation (20).
Now we consider the third case of the time-dependent Fermi surface given by the following
equation [12, 13],
e−2t(x+ p− λ+et)2 + e2t(x− p− λ−e−t)2 = 2µ. (27)
We are going to consider special case with λ+ = λ− = −1. In that case equation (27),
for infinitesimal µ, represents a closed Fermi surface which at the initial time t = 0 is a
circle with the radius
√
2µ centered in (x, p) = (−1, 0). After the time revolution this circle
changes to an moving ellipse. In here there are the condition λ >
√
2µ [13], which under
assumption of µ≪ 1 will satisfied.
To write the equation (27) in the form of the equation (1) we note that the described universe
by the equation (27) is in weak coupling at both early and late times. It means that the
situation with t → −∞ and x − p ≫ 1 is equivalent to the situation with t → 0 and
x + p ≫ 1. Therefore, after rescaling 2(µ − 1) → µ and for the large negative x one can
rewrite the equation (27) as a following,
p ≈
√
x2 − 2µ+ 4et(1− |x|et). (28)
As a result one can find the incoming fluctuation field as,
ηin ≈ − 1√
pi
[√
2µet−σ +
µ√
2
e2(t−σ)
]
, (29)
and the outgoing fluctuation field to second order obtained as,
ηout ≈ − 1√
pi
[√
2µet−σ +
µ√
2
e2(t−σ)
]
− 1
µ
√
pi
[√
2µet−σ +
µ√
2
e2(t−σ)
]2
. (30)
by using equations (29), (30) and the leg-pole transformation (3) we will find the tachyon field
in terms of both lightlike and spacelike tachyon field which obtained already in the equations
(5) and (18). Indeed for the incoming tachyon field one can obtain Sin ∼ et−x + e2(t−x) and
for outgoing tachyon field at the first order one can obtain Sout ∼ µet+x + µ2e2(t+x). Here
we see that, even at the first order, the ratio of the outgoing to the incoming tachyon fields
obtained in terms of space-time coordinates.
5 Conclusion
In this paper we consider several time-dependent Fermi surface with the null and spacelike
boundaries and obtained the tachyon fields by using correspondence between the c = 1
matrix model and two dimensional string theory. Already in Ref. [11] simple time-dependent
background with the lightlike boundary considered. Here we calculated ratio of the outgoing
to incoming tachyon fields for other time dependent backgrounds with the lightlike and
spacelike boundaries. In the case of time-dependent Fermi sea with null boundaries we found
that ratio of the outgoing to the incoming tachyon fields is proportional to inverse of the
8
string coupling. Same calculations for solutions with the spacelike boundaries [equations (18)
and (25)] show that the ratio of the outgoing to the incoming tachyon fields is proportional
to inverse of the squared string coupling. Finally for a solution in the form of equation
(27), which defined closed cosmological universe, we obtained a combining tachyon field
proportional to the lightlike and spacelike tachyon fields. In summary we considered three
solutions of the Fermi sea with lightlike boundaries in equations (5), (10) and (14), and three
solutions of the Fermi sea with spacelike boundaries in equations (18), (25) and (27), then
obtained the tachyon fields corresponding to the fluctuation fields.
It may be interesting to consider any time-dependent solutions such as x2−p2 = 1+(x−p)3e3t
[13], which is corresponding to r = 3 in relation (4), and try to obtain tachyon field.
References
[1] P. Ginsparg and Gregory Moore, ”Lectures on 2D gravity and 2D string theory (TASI
1992)”, arXiv:hep-th/9304011v1
[2] Antal Jevicki, ”Developments in 2D String Theory”, Lectures presented at the Spring
School, Trieste, Italy 1993. arXiv:hep-th/9309115v1
[3] Igor R. Klebanov, ”String Theory in Two Dimensions”, lectures at the 1991 ICTP
Spring School, arXiv:hep-th/9108019v2
[4] P. Ginsparg, ”Matrix models of 2d gravity”, gava et al., 1991 summer school in h.e.p.
and cosmo, arXiv:hep-th/9112013v1
[5] Joseph Polchinski, ”What is String Theory?”, Lectures presented at the 1994 Les
Houches Summer School “Fluctuating Geometries in Statistical Mechanics and Field
Theory.” arXiv:hep-th/9411028v1
[6] Sergei Alexandrov, ”Matrix Quantum Mechanics and Two-dimensional String Theory
in Non-trivial Backgrounds”, arXiv:hep-th/0311273v2
[7] D. J. Gross and I. R. Klebanov, Nucl. Phys. B344 (1990) 475.
[8] P. Ginsparg and J. Zinn-Justin, Phys. Lett. B240 (1990) 333.
[9] G. Parisi, Phys. Lett. B238 (1990) 209.
[10] S. Das and A. Jevicki, ”String field theory and physical interpretation of D = 1 strings”,
Mod. Phys. Lett. A5 (1990) 1639.
[11] J. L. Karczmarek and D. Wang, ” Into the bulk: reconstructing spacetime from the
c = 1 matrix model”, arXiv:0810.2365v1 [hep-th]
[12] Joanna. L. Karczmarek and Andrew Strominger, ”Matrix Cosmology”, JHEP 0404
(2004) 055.
9
[13] Morten Ernebjerg, Joanna L. Karczmarek, Joshua M. Lapan, ”Collective Field Descrip-
tion of Matrix Cosmologies”, JHEP0409 (2004) 065.
[14] Sumit R. Das, Joanna L. Karczmarek, ” Spacelike boundaries from the c = 1 Matrix
Model”, Phys.Rev. D71 (2005) 086006.
[15] Joanna L. Karczmarek, ”Quantum behaviour near a spacelike boundary in the c = 1
matrix model”, Phys.Rev. D78 (2008) 026003.
[16] Sumit R. Das, Luiz H. Santos, ”Open string descriptions of space-like singularities in
two dimensional string theory”, Phys.Rev.D75 (2007) 126001.
[17] Sumit R. Das, Joshua L. Davis, Finn Larsen, Partha Mukhopadhyay, ”Particle Produc-
tion in Matrix Cosmology”, Phys.Rev. D70 (2004) 044017.
[18] Joanna L. Karczmarek, Andrew Strominger, ” Closed String Tachyon Condensation at
c = 1”, JHEP 0405 (2004) 062.
[19] Partha Mukhopadhyay, ”On The Problem of Particle Production in c=1 Matrix Model”,
JHEP 0408 (2004) 032.
[20] Joanna L. Karczmarek, Alexander Maloney, Andrew Strominger, ”Hartle-Hawking Vac-
uum for c=1 Tachyon Condensation”, JHEP 0412 (2004) 027.
10
